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Abstract
The question of why the observational cosmological constant is so small in com-
parison with the vacuum energy density in particle physics has become a celebrated
puzzle for a long time. We calculate the vacuum energy density by taking into account
of different massive scalar fields in AdS spacetime. It is found that the mass spectrum
of a scalar field in AdS spacetime is discrete because of a natural boundary condition.
After supposed a reasonable magnitude (6.93×1026 m) of the radius of AdS, we match
well the observed cosmological constant with the energy density of vacuum.





The cosmological constant has evoked much controversy both in astronomy and par-
ticle physics communities[1, 2]. Recent observations of high-redshift supernovae seem
to suggest that the global geometry of the universe may be affected by a positive cos-
mological constant[3]. And all kinds of cosmological observations, such as background
radiation, redshifts of the supernovae and quasars[4, 5, 6], give a very tiny vacuum
energy density as 10−47GeV4 [7].
In particle physics, the vacuum is used to mean the ground state of quantum fields.
A relativistic field may be thought of as a collection of harmonic oscillators of all
possible frequencies, and each possible mode devotes 1
2
h¯ω energy to the vacuum. In
this way, particle physicists[1] get a huge vacuum energy density as 2 × 1071GeV4,
which is over 120 orders of magnitude in excess of the value allowed by cosmological
observations. It is a more challenging problem to explain why the cosmological constant
is so small but non-zero, than to build theoretical models where it exactly vanishes[8].
About twenty years ago, a number of authors discovered that Anti-de Sitter (AdS)
spacetime generically arose as ground states in supergravity theory, which at the time
was considered to be among the most promising candidates for quantum gravity[9, 10,
11]. The interest on AdS spacetime was revived by a conjectured duality between string
theory in the bulk of AdS and conformally invariant field theory (CFT) living on the
boundary of AdS[12]. The AdS/CFT correspondence gives an explicit relation between
Yang-Mill theory and string theory[13, 14]. More recently, there has been a renewed
interest in AdS spacetime since progresses in theories of extra dimensions present us
with the enticing possibility to explain some long-standing particle physics problem by
geometrical means[15, 16]. Several groups even have begun to work on possible exper-
imental signatures of the extra dimensions. The cosmology of the Randall-Sundrum
model can be very different from ordinary inflationary cosmology[17].
In this paper, we calculate the energy density of vacuum by taking into account of
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different massive scalar fields in AdS spacetime. It is found that the mass spectrum of
a scalar field in AdS spacetime is discrete because of a natural boundary condition[18].
After supposed a reasonable magnitude (6.93 × 1026 m) of the radius of AdS space-
time, we can match well the observed cosmological constant with the energy density
of vacuum.
2 Equations of motion
AdS spacetime can be described as a submanifold of a pseudo-Euclidean five-dimensional
embedding space with Cartesian coordinates ξa and metric ηab = diag(1,−1,−1,−1, 1),
(ξ0)2 − (ξ1)2 − (ξ2)2 − (ξ3)2 + (ξ5)2 = −1
λ
,
ds2 = (dξ0)2 − (dξ1)2 − (dξ2)2 − (dξ3)2 + (dξ5)2 , (1)
where λ is a constant (λ < 0). It is obvious that the symmetry group of AdS is
the conformal group SO(3, 2). It is convenient to introduce the Beltrami coordinates
{xi} (i = 0, 1, 2, 3) as
√−λxi = (ξ5)−1ξi . (2)
In terms of the Beltrami coordinates, AdS is of the form
σ(x) = 1− ληijxixj > 0 , ηij = diag(1,−1,−1,−1) . (3)




The Beltrami metric is invariant under the coordinate transformations
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(Lij)i,j=0,1,2,3 ∈ SO(3, 1) , ai are constants.








where the vector x denotes (x1, x2, x3) and x′ the transpose of the vector x.
In the spherical coordinate (x1, x2, x3) −→ (ρ, θ, φ), the SO(3, 2) invariant metric










There are singularities in the transformation from (x0,x) to (ξ0,x). So that, structures
of AdS in the coordinate (ξ0,x) should be analyzed carefully. The plot of the Penrose
diagram of AdS shows that there is a horizon[19] in the coordinate (ξ0,x). We can
limit us in the region of |ξ0| < 1√−λ . In this region of AdS, we can introduce a time
like variable τ as
√−λξ0 ≡ sin(√−λτ) . (8)
Then we have a Robertson-Walker-like metric
ds2 = dτ 2 −R2(τ)[(1 + λρ2)−2dρ2 + (1 + λρ2)−1ρ2(dθ2 + sin2 θdφ2)] , (9)
where we have used the notation R(τ) = cos(
√−λτ).
The equation of motion for a massive scalar field in AdS spacetime (with h¯ = c = 1)










































Φ(τ ; ρ, θ, φ) = 0 .
(10)
3 Discrete mass spectrum
We can solve the equation of motion, which was obtained in the last section, for a
massive scalar field[18] by writing
Φ(τ ; ρ, θ, φ) = T (τ)U(ρ)Ylm(θ, φ) . (11)











U − l(l + 1)
ρ2(1 + λρ2)




















+ l(l + 1)Ylm = 0 .
It is obvious that the solutions of the angular part of equation of motion are the
spherical harmonic functions Ylm(θ, φ).
The radial function determines the evolution of the model universe. For conve-















U(%) = 0 . (13)
It is obvious that, at % = 0, ± 1, the radial function is singular. One can set U(%) as
following
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U(%) = %l(1− %2)µ/2F (%) , (14)























F = 0 . (15)
Therefore, we get the radial function of the form































where C is the normalization constant.
In terms of the variable ζ(≡ sin τ
a













T = 0 . (17)
By introducing T (ζ) = (1− ζζ)− 12 P (ζ), we transform the time-like evolution equation












P = 0 . (18)








































where P NI (ξ
0) and QNI (ξ
0) are associated Legendre functions. The natural boundary
condition on |ξ0| = 1√−λ requires I, N to be integers. This gives the discrete mass
spectrum of scalar fields in AdS spacetime
a2m2 + 2 = I(I + 1) ,
−k2a2 + 1 = N2 , |N | ≤ I .
(20)
4 Cosmological constant
In quantum theory of fields, a relativistic field may be thought of as a collection of
harmonic oscillators of all possible frequencies. A simple example is provided by a scalar







where the sum is over all possible modes of the field. In Minkowskian space, summing













If we believe general relativity up to the Planck scale[1], then we might take Λ '
(8piG)−
1
2 , which would give
〈ρ〉 ' 2−10pi−4G−2 = 2× 1071GeV4 . (23)
It shows that the energy density of vacuum got by the quantum field theory in Minkowskian
spacetime is over 120 orders of magnitude in excess of the value of astronomical
observations[4, 5].
In AdS spacetime, as shown in the previous section, the natural boundary conditions
at the points ξ0 = ± 1√−λ assure that the wavevector k be discrete. We can compute
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now the expression (21) exactly. In fact, any scalar field of arbitrary mass m give
contributions to the energy density of vacuum. Because the mass spectrum in the
quantum field theory on Minkowskian spacetime is continuum, it is difficult to get a
sum over different mass modes. Now a discrete mass spectrum has been obtained for
scalar fields in AdS spacetime, thus we can sum the contributions of all scalar fields
with different mass to the energy density of vacuum. We, therefore, get the energy









m2c4 + h¯2k2c2 , (24)
where δk = |k(N = 1)−k(N = 0)| = 1
a
is the wavevector difference of two eigen states.
Equation (20) is used to get the energy density of vacuum of the following form









I(I + 1)−N 2 − 1 , (25)
where Imax is the cutoff of mass spectrum. We would estimate Imax as the Planck scale,
Eplanck ≈ 1019GeV, which is widely accepted as a point where conventional field theory
breaks down due to quantum gravitational effects. The maximal energy Emax will be
the Planck energy corresponding to the cutoff Imax,




Imax(Imax + 1)−N2 − 1 , N = 0 . (26)
In terms of the Planck energy, we obtain a relation of the energy density of vacuum







A crude experimental upper bound on 〈ρ〉 is provided by measurements of cosmological
redshifts as a function of distance, the program begun by Hubble in the 1920s. The
present value is estimated by modern astronomical observations[3] as
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〈ρ〉 ≤ 10−47 GeV4 . (28)
If the radius of AdS spacetime has a reasonable value of 6.93 × 1026m, we can get
by the Equation (27) almost the same cosmological constant with the observed one.
What we obtain here is in good agreement with the hints of the redshift observations
of supernovae and quasars. References[20, 21] gave a upper limitation of the curvature
λ from the estimation of the universe age and the Hubble constant: |λ| ' 10−56 cm−2.
Our result is also in agreement with this upper limit for the radius of AdS spacetime
got by different ways.
5 Concluding remarks
Since de Sitter found the de Sitter solution of Einstein’s equation in 1917, de Sitter and
anti-de Sitter spacetime has been studied extensively by physicists and astronomers.
Recent developments in AdS physics include the AdS/CFT correspondence and theory
of extra dimensions. In this paper, we try to give a new understanding to the long stand-
ing cosmological constant problem. We assumed that the topological structure of the
whole universe is AdS spacetime. This is consistent with the Randall-Sundrum model,
where a slice of five-dimensional AdS was used[15]. We got a Robertson-Walker-like
metric which keeps the space submanifold of AdS invariant under the transformation of
SO(3, 1). Equations of motion for massive scalar fields were solved exactly by variables
separating method. Solutions indicate that the mass spectrum of scalar fields is dis-
crete and possible normal modes of scalar fields are limited. These facts tell us clearly
that we can sum the zero-point energies of all kinds of scalar fields with different mass.
At last, a intrinsic relation between the energy density of vacuum and the curvature of
AdS spacetime was obtained. By adopting a reasonable value a = 6.327 × 1030km of
the radius of AdS spacetime, we got the energy density of vacuum 〈ρ〉 ≈ 10−47Gev4,
which matches well with the observational cosmological constant. It should be pointed
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out that our results is not dependent explicitly on dimensions of spacetime[22]. Only
for definiteness, we presented the formalism for AdS4.
ACKNOWLEDGMENTS
One of us (Z.C.) would like to thank H. Y. Guo for enlightening discussions. This
work was supported in part by the National Science Foundation of China.
References
[1] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989); “The cosmological constant problems”,
astro-ph/0005265.
[2] S. M. Carroll, W. H. Press, E. L. Turner, Annu. Rev. Astron. Astrophys. 30, 499
(1992).
[3] I. Zehavi and A. Dekel, Nature 401, 252 (1999).
[4] S. Perlmutter et al., Astrophys. J. 517, 565 (1999).
[5] A. G. Riess et al., Astron. J. 116, 1009 (1998).
[6] A. G. Riess, “The case for an accelerating universe from supernovae”, astro-
ph/0005229.
[7] S. M. Carroll, “The cosmological constant”, astro-ph/0004075.
[8] E. Elizalde, “Matching the observational value of the cosmological constant”, hep-
th/0007094.
[9] L. F. Abbott, S. Deser, Nucl. Phys. B195, 76 (1982).
[10] P. Breitenlohner, D. Z. Freedman, Ann. Phys. 144, 249 (1982).
[11] S. W. Hawking, Phys. Lett. B126, 175 (1983).
10
[12] J. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998).
[13] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998).
[14] S. S. Gubser, I. R. Klebanov, A. Polyakov, Phys. Lett. B428, 105 (1998).
[15] L. Randall, R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999); Phys. Rev. Lett. 83,
4690 (1999).
[16] N. Arkani-Hamed, S. Dimopoulos, G. Dvali, Phys. Lett. B429, 263 (1998);
I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, G. Dvali, Phys. Lett. B436, 257
(1998).
[17] C. Csa´ki, M. Graesser, L. Randall, J. Terning, Phys. Rev. D62, 045015 (2000)
[18] G. Y. Li, H. Y. Guo, ACTA PHYSICA SINICA (in Chinese) 31, 1501 (1982).
[19] Z. Chang, C. B. Guan, H. Y. Guo, Q. K. Lu, “AdS dynamics: exact solutions vs
bulk-boundary propagator”, to appear.
[20] H. Y. Guo, In Proceedings of the 1980 Guangzhou Conf. on Theor. Particle Phys.,
P1607, Science Press (1980) Beijing.
[21] H. Y. Guo, Z. L. Zou, Commun. Theor. Phys. 1, 237 (1982).
[22] C. Schmidhuber, Nucl. Phys. B580, 140 (2000).
11
